The discharge and plasma plume characteristics of the cylindrical Hall thruster were studied in regimes with external modulations of the applied voltage. It is found that the amplitude and the root mean square (rms) value of the discharge and ion currents increase with the amplitude of the external modulation exhibiting two different regimes. For smaller amplitudes of the modulation voltage, the oscillations amplitude and rms value of the discharge and ion currents follow the amplitude of modulations approximately linearly. For larger voltage modulations, the amplitude and the rms value of the discharge and ion currents grow faster and nonlinearly. In the nonlinear regime, the discharge and the ion currents demonstrate pronounced dependence on the frequency of the external modulations. Moreover, the rms value of the ion current is amplified stronger than the rms value of the discharge current resulting in an increase of the current utilization (of about 5%) and the propellant utilization efficiencies (of about 40%). The thruster efficiency, defined as a product of the current and propellant utilization coefficients, shows an increase of the about 20%. We also present the results of theoretical modeling of a plasma response to driven oscillations in a simplified 1D model of resistive-ionization mode in quasineutral plasma. This modeling demonstrates the nonlinear property of the fundamental breathing mode similar to the experimental results.
Hall thruster operation with externally driven breathing mode oscillations 1 
. Introduction
Hall thrusters are satellite propulsion devices, which accelerate the plasma in applied crossed electric and magnetic fields. The description of the design, and operation characteristics can be found elsewhere (see, for example [1] [2] [3] . A typical Hall thruster is powered by a DC power supply operating in voltage regulated mode. Since the voltage is kept constant, the thruster exhaust velocity, V ex , or specific impulse I sp =V ex /g, where g is the gravity is assumed to be constant as well. Despite DC input power, Hall thruster operation is often a subject to low-frequency oscillations [4] of the discharge current or so-called breathing oscillations, which have characteristic frequency about 10-20 kHz [5, 6] . These oscillations can be very powerful with almost 100% of the steady-state values of discharge current and are usually non-stationary and semi-coherent in time. Such strong oscillations may result in unstable thruster operation and cause degradation of the thruster performance, and the reduction of the thruster lifetime [7] [8] [9] [10] . The physical mechanism responsible for breathing oscillations is usually attributed to some sort of ionization instability [11] [12] [13] .
Since the introduction of the Hall thruster concept in late 60s of the last century, many studies and developments were focused on understanding and mitigation of breathing oscillations. In the present work, we explore an approach to control breathing oscillations by modulating the applied voltage. In our recent studies, we already demonstrated this approach with application to time-resolved laser-induced fluorescence diagnostic [14] . The applied voltage was externally modulated by adding a sinusoidal voltage component to the anode potential. These studies revealed a nonlinear response of the ion velocity distribution function (IVDF) to the voltage modulations. In this work, we study the effect of voltage modulations, including their amplitude and frequency, on the discharge and the ion currents, and its implications on the thruster performance. Because of the increase in the discharge current and faster growth of the ion current, compared to the discharge current, increase in the thruster efficiency, in terms of the propellant utilization and current utilization, was expected.
Experimental setup
For studies of breathing oscillations, we use the cylindrical Hall thruster (CHT). Similar to conventional annular design Hall thrusters (so-called stationary plasma thruster or SPT), the CHT accelerates the ions by E×B fields [15] . The main difference from SPT thrusters is that CHT has a cylindrical channel with diverged magnetic fields. In present research a 200 W CHT with 2.6 cm channel diameter was used (see figure 1 ) [16] .
This CHT has two electromagnet coils-back coil and front coil [17] which are used to produce and control the magnetic field distribution in the CHT channel. The description of this thruster design and operation can be found in [16] [17] [18] [19] . The thruster was powered by a DC power supply and operated at the discharge (anode) voltage of 220 V. This voltage was chosen because the natural breathing mode exists at this operation condition. Xenon gas was used as a propellant with 3.5 sccm flow rate through the anode and 2 sccm though the cathode-neutralizer. In the described experiments, currents in both electromagnetic coils were co-directed to form the so-called direct magnetic configuration with diverging magnetic field [18] . Experiments were conducted in the small Hall thruster facility at PPPL [19] equipped with a turbo-molecular pumping system. During the thruster operation, the background pressure did not exceed 70 μTorr.
To study the breathing oscillations and their control, the electrical circuit of the thruster discharge was modified compared to previous experiment [20] , so the modulations can be added to the applied DC discharge voltage (see figure 2 ). In particular, amplitudes and frequencies of the modulation voltage were controlled with a function generator. Its signal was amplified and then added to the DC level of the anode potential by Kepco BOP50-4M amplifier, which was connected in series with the thruster power supply. The amplitude of the modulation V mod was varied from 8 to 50 V peak-to-peak. The upper limit was determined by the thruster stable operation. The modulation frequency was varied from 6 to 18 kHz.
Two main parameters were measured during these experiments: the discharge current (I d ) and the ion (or beam) current (I b ). The discharge current was measured using a low impedance current shunt placed in the thruster electrical circuit between the thruster and the modulation amplifier [21] . Measurements of the ion current were done with a negatively biased (to −40 V) movable flat electrostatic graphite probe with a guarding sleeve [22] . Probe was located on the rotating arm and distance from the CHT exit plane to the collecting surface of the probe was 14 cm. The total ion flux was determined by integrating over the measured angular ion flux distribution [17, 23] . Detailed description of the procedure is given in appendix A. Schematics of the planar probe measurements and general experiment scheme are shown in figure 3 . In addition, in a separate set of experiments, the IVDF was measured using laser induced florescence diagnostic. Moreover, the plasma properties at the channel exit of the CHT, including plasma potential, plasma density and the electron temperature were measured too. Results of these probe and IVDF measurements are described in [24] .
As is described in the appendix B, we have investigated the circuitry response to modulations without the thruster to ensure that the observed phenomena do not come from the power supply.
Experimental results and discussions
The linear and nonlinear responses of the thruster to the anode potential modulation were described in [14] . The linear response was identified as a regime when the amplitude of the discharge current grows linearly with the increase in the modulation voltage amplitude, while the rms value remains approximately constant. The nonlinear response was defined as the thruster regime when modulation of the discharge voltage results in stronger (faster) increase of the rms of the discharge current. In this regime, there is a nonlinear rise in the root mean square (rms) value and oscillation amplitudes (figure 4).
3.1. Effect of the modulation amplitude and frequency on the discharge current and ion current oscillations Without the applied modulation, the discharge current exhibits intrinsic breathing oscillations at a frequency about 13 kHz. With the applied modulations, the amplitude of the current oscillations depends on the modulation amplitude. This dependence has a resonant-kind behavior reaching maximum amplitude at a certain modulation frequency. We define the resonant modulation frequency as the frequency at which rms value of the current oscillations and their amplitude reached maximum. In the described experiments, this frequency was determined by monitoring the discharge current oscillation amplitude while modulation frequency was varied ( figure 5 ). When the modulation amplitude was below 10% of the DC discharge voltage level, the resonance was at frequency near the frequency of natural breathing oscillations ∼12-13 kHz. This can be seen in figure 5(a) , at the modulation amplitude of V mod =16 V the rms value and corresponding amplitude (shown with vertical bars) of the discharge current reach their maximum at ∼13 kHz of the modulation frequency. At higher values of the modulation amplitude, the resonance frequency shifts towards the lower frequencies ∼10 kHz. In figure 5 (b), when V mod =40 V, the maximum of the rms value and the oscillation amplitude is at ∼10 kHz.
Therefore, the increase of the modulation amplitude leads not only to the nonlinear increase of the rms value of the discharge current but affects the resonance frequency as well. To investigate this behavior, the anode potential of the thruster was modulated with frequencies in the range from 6 to 18 kHz, and amplitudes in the range from 5 to 50 V peakto-peak. The discharge and the ion currents were monitored; results are shown in figure 6 . At V mod =50 V and modulation frequencies below 13 kHz, thruster operated very unstable and it was impossible to collect data.
As it shown in figure 6 , there is a growth of the rms values of the discharge current and the ion current with the increase of the modulation amplitude. At low amplitudes, rms values are not affected by frequency change. However, with the increase of the modulation amplitude, there is a clear resonant behavior with a maximal response at a frequency which shifts towards lower values for higher modulation amplitude. 
Effect of the modulation on the thruster efficiency
The thruster efficiency is the ratio of the thruster kinetic power to the input electric power. It can be characterized in terms of the current utilization, the propellant utilization, and the voltage utilization [2, 15] . The total thruster efficiency is defined as
where T is the thrust,  m p is the total propellant mass flow, γ is the beam divergence, η b is the current utilization, η v is the beam voltage utilization, η m is the propellant utilization, and η 0 is the electrical utilization efficiency. In this work we investigate only effects from the current utilization and the propellant utilization.
The current utilization is defined as
It shows what part of the discharge current goes to the ion current, and it is limited by the axial electron current, because
The propellant utilization is defined as
where  m i is the ion mass flow,  m a is the anode flow rate, and
i here e is the charge and M i is the xenon atom mass. We did not account for the cathode flow rate. This coefficient reflects the efficiency of the ion production, affected by the losses in the channel.
Results for the current utilization are shown in figure 7. In the linear regime, when the modulation amplitude is small, the current utilization remains approximately constant at all frequencies. In the nonlinear regime when modulation amplitude increases, the current efficiency slightly increases, but there is not clear dependency on the modulation frequency. Figure 8 shows that the propellant utilization increases significantly with the increases of the modulation amplitude. This increase reaches its maximum at the resonant frequency, which depends on the amplitude as well.
Propellant and current utilization efficiencies were deduced from measured results for the discharge voltages of 195 and 245 V DC without the external modulation for the comparison. These values correspond to maximum and minimum levels of the discharge voltage during the modulation around 220 with 50 V amplitude. As it is shown in figures 7 and 8, there is a strong evidence of the increased ionization during the modulation. The propellant utilization growth is significant even in comparison with the 245 V level.
Finally, the total contribution to the thruster efficiency was estimated as a product of the propellant the current utilization efficiencies. Results are shown in figure 9 . It can be seen, that when modulation is at resonant frequency and amplitude is large, efficiency can be increased up to 20%. However, in comparison with the 245 V DC discharge without the external modulation, increase is only about 10%.
It is important to notice, that beam divergence is almost unaffected by the external modulations. Results of measurements of ion beam divergence are presented in appendix A, figure A1 . As one can see, divergence is almost the same as in case of the linear regime ( figure A1(a) ) and in case of the nonlinear regime ( figure A1(b) ). Therefore, beam divergence coefficient γ remains approximately unchanged.
Theoretical modeling of externally driven ionization breathing mode
In this section, we consider a simple time dependent 1D model of ion acceleration across the magnetic field in a quasineutral plasma. This is the simplest model used to describe the stationary flows of ions [25] [26] [27] [28] as well as breathing modes oscillations in Hall thrusters. It is a time dependent, 1D with model with three species: neutrals, singly charged ions, and electrons. Neutrals are injected with constant velocity v a =const at the left side of the simulation region and described by continuity equation
The neutral flow is depleted due to ionization with a constant ionization rate β. Respectively, the ion and electron continuity equations have the source due to ionization on the right-hand side
Ionization adds the drag to the ion acceleration (given by the last term) in the ion momentum balance
here β is the ionization rate, v a is the neutral flow velocity, and v i is the ion flow velocity. The electrons are modeled in the drift-diffusion approximation
e e e e e e e e where μ e is the electron mobility perpendicular magnetic field, v e is the electron flow velocity, T e is the electron temperature. The diffusion (due to pressure gradient) is especially important near the anode, or in the so-called diffusion region, resulting in the inversion of the electric field in this region and leading to a backflow of ions to the anode. Our model is quasineutral, so there is no sheath effect included. By using the quasineutrality n i =n e =n condition equations (5a), (5b) become
Then the Ohm's law can be written as
where J d =e(n i v i −n e v e ) is the total current density which is uniform in space but can oscillate in time. The electric field in the system is constrained by the potential drop U d between anode and cathode
where L is the channel length (neglecting the sheath voltage). where ω ce =eB/m e is the electron cyclotron frequency, and ν m is the total electron momentum exchange collision frequency. Note that in thruster conditions the value of μ e is likely to be anomalous so the electron transport model should be viewed as a simple parametrization of anomalous mobility and diffusion rather than exact equation based on the classical transport coefficients. This model neglects a number of effects, e.g. sheath wall losses and wall recombination effects due to 2D geometry. Several other simplifications are invoked such as constant electron temperature (and, therefore, the ionization coefficient), electron mobility (and Hall parameter), and neutral velocities.
As such, our model does not reproduce exact experimental conditions. Neither the anomalous conductivity is well known for these conditions. Therefore, here we do not attempt to match the outcome of our theoretical model with experimental data. Our goal is to demonstrate that the basic model of ionization modes in E×B discharge as given above (and as was used in [25, 26] ) is capable of capturing the nonlinear phenomena which occurs during the external modulations of the applied voltage.
The ion acceleration within the framework of equations (5)-(6) exhibits a removable singularity at the sonic point where the ion velocity is equal to the ion sound velocity [26, 27] . The conditions that the sonic point becomes regular impose strong constraints on the stationary solutions as has been recently discussed in [29] .
The full system of nonlinear equations (4)-(8) was solved in BOUT++ framework [30] [31] [32] as an initial value problem. Upwind terms in these equations were treated with third order central WENO scheme. This scheme allows to simulate flows from subsonic to supersonic and deals with shock wave discontinuities.
Simulation parameters
Simulations were conducted with parameters close to ones measured during the CHT operation. List of typical values is shown in table 1.
It is important to notice, that the initial value simulations in this model require boundary conditions (B.C.) at the anode [29] . These B.C. were defined from stationary solutions of the above system of equations obtained by different method [26, 27] .
Intrinsic breathing mode oscillations
First, the natural (intrinsic) breathing oscillations were obtained for the given set of parameters and in neglect of the external modulations. Initial value simulations were started with arbitrary profiles for n i , n a , and v i , and B.C. defined from stationary solutions. The system shows intrinsic breathing mode oscillations as shown in figure 10 . Rms value of the discharge current I d is equal to the value obtained from the stationary solution. There are current oscillations with the frequency f 0 =79.1 kHz, and amplitude about 0.4 A peak-topeak. It is important to note that the self-consistent dynamics of the electric field, ion and electron response, together with ionization is important for the occurrence of oscillations [33] . No oscillations can be obtained with continuous analog of the predator-prey model; i.e. exclusively within the coupled ionneutral dynamics [34] alone and neglecting the electrons and total current coupling. Also note that since our model assumes the constant electron temperature, the feedback coupling mechanism for the oscillations discussed in [13, 35] is not involved.
The intrinsic oscillations in our model have the frequency different from the one observed in experiments. It was shown previously that the oscillation frequency is very sensitive to the value of the mobility [33] . Inhomogeneous magnetic field (inhomogeneous mobility) also affects the frequency of oscillations. The constant value of Hall parameter β=0.11 was used in our simulations. Since the value of the anomalous mobility was not well known in our experiments, we did not attempt to match the frequency to experimental value by varying the anomalous mobility and other plasma parameters. However, nature of those oscillations is the same as for oscillations in [11, 36, 37] .
Effect of the discharge voltage modulations
The discharge voltage was modulated by applying a sin wave at a frequency equal to the intrinsic breathing oscillations frequency f 0 =79.1 kHz. Modulation amplitudes V mod were chosen to be in the range 5%, 12.5%, 25%, and 50% of the applied potential U d . The resulting rms values of the discharge and ion currents, and their oscillation amplitudes as a function of the modulation amplitude are shown in figure 11 .
Similar to the experiments, we observe a nonlinear increase of the discharge current rms value and oscillation amplitude with the modulation amplitude (see figures 4 and 5). Same behavior is observed for the ion current. We have studied the behavior of the ion velocity v i and ion density n i at the channel exit. Examples of such time traces for V mod =0.05U d -linear regime and V mod =0.5U d -nonlinear regime are shown in figures 12(a), (b) respectively.
There is a noticeable difference between the linear and nonlinear regimes. First, one observes an increase in the amplitude of oscillation for larger modulation amplitude. One can also see that in nonlinear regime the modulated v i acquires the higher nonlinear harmonics (second and higher). The contribution of the quadratic terms (e.g. sin 2 ) to the mean values is in part responsible for the rms enhancement. Secondly, there is a strong reduction of the phase difference between density and ion velocity oscillations with increase of modulation as shown in figure 13 , so that the enhanced correlation result in the increase of the mean value.
This reduction of phase differences was confirmed by experimental measurements in the linear and nonlinear regimes, [24] . Measurements were done for two modulation amplitudes: 16 V pp and 32 V pp . The procedure for probe data processing can be found, for example, in [38] . Phase differences between the ion density, the acceleration potential, the modulation voltage and the discharge current signal were obtained. Phasor plot is a simple way to show phases between different signal. Phasor is a vector, with length equal to the amplitude of the signal and directed at angle, which represents a phase shift.
Each signal has its amplitude and phase shift with respect to some base signal. The modulation voltage signal was chosen as a base signal. Phase difference between signals was determined by applying Hilbert transform to each signal, and then calculating corresponding angle between transformations. The more detailed description can be found in [39] . After these procedure phases f were obtained for each signal. Time lag due to different probe position was included as well.
Amplitude of signals is not important in this analysis, so amplitude of each signal was set to unity. Two phasor plots, for linear and nonlinear regimes are show in figures 14(a) and (b) respectively. The modulation voltage signal (red) was chosen to be the reference once, and it has 0 phase shift. The discharge current (orange) and the ion density (green) oscillations coincide for the linear regime and are almost in phase for the nonlinear regime. The acceleration potential (yellow) was measured during the experiment, and the electric field was obtain by shifting it by π/2. As one can see, there is a reduction in phase between the electric field and the ion density.
Similar behavior for the electric field is observed for our simulations. The ion density and the electric field trace for linear and nonlinear regimes are shown in figures 15(a) and (b) respectively. Phase shift reduced significantly for the nonlinear regime.
Therefore, the observed increase of the ion current is related to the increase of the amplitude of oscillations as well as to the reduction of phase shift between density and electric field (or ion velocity) oscillations.
Conclusions
In this paper, we report on the studies of the thruster response to the externally applied modulations of the DC discharge voltage. Application of external modulations in the frequency range of breathing oscillations (6-18 kHz) results in increased amplitudes of the discharge and ion currents oscillations [14] . Two distinct, linear and nonlinear, response regimes were observed. The rms values of the ion and the discharge currents increased as a result of the externally driven modulations. Effect of the modulation on the thruster efficiency was investigated in terms of the current and propellant utilization coefficients. The total contribution to the thruster efficiency defined as a product of the above two coefficients, shows the increase up to 20%, compared to regimes without the external drive. Similar results trend was shown in recent work by Wei et al [40] ; however, in their work amplification of the breathing mode was due to changes in thruster operating parameters.
Results of the experiments and our simulations with 1D model suggest that the observed behavior is due to decrease of phase shift between ion velocity and ion density oscillations, increase in the amplitudes for both quantities, as well as the contribution of the average of the nonlinear (quadratic) terms. Combination of these effects leads to the rapid increase of the mean ion current in nonlinear regime.
One has note that the total thruster efficiency is also affected by other factors (electrical utilization efficiency, discharge voltage utilization), so that the total efficiency will be lower than the current and propellant utilization.
In summary, the experiments with the external modulations of applied voltage reveal the nonlinear regime of the response of the breathing mode oscillations. In this regime, controlled amplification of the breathing mode results in the improvement of the thruster performance in terms of the 
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Appendix A. Total ion current calculation
The total ion flux and its angular distribution in the plume were measured using a 1.3 cm diameter flat electrostatic probe with the guarding sleeve. The ion collection surface of the probe was at 14 cm from the thruster exit plane. Probe and sleeve were biased relative to the ground to −40 V. The probe current was measured across a 1 kΩ resistor (see figure 2) . Probe measurements were taken while probe was rotated between to 0°, ∼20°, and ∼40°relative to the thruster axis. Measurements were conducted during the modulations of the thruster discharge voltage. These results were fitted into the distribution curve, which was taken from previous measurements, which were conducted at similar conditions, but at Phasor plots for linear (a) and nonlinear (b) regimes. Modulation voltage was chosen as a reference, and has 0°phase shift. In the nonlinear regime (b) the electric field E phase almost coincides with the ion density n i and the discharge current I D , contrary to the linear regime when there is a finite phase difference (of the order of ∼40°) between the electric field and ion density. Note that the discharge current is almost in phase with ion density, both in (a) and (b). constant anode voltage, see [23] . Results for two modulation amplitudes: 10 and 30 V, are shown in figure A1 .
The total ion current was estimated by using the following equation where J ion the ion current density.
Appendix B. Effect of the voltage modulations on the circuitry and probe
Because experiments involved modulations of the anode potential with high amplitudes, it was important to verify that there were no parasitic resonances or nonlinear responses from the electric circuit itself. For this purpose, the electrical circuitry was checked for internal resonance frequencies separately from the thruster. The thruster was replaced by 100 Ω 50 W resistor, which was installed between the anode and the cathode power supplies. External modulation with different frequencies and amplitudes was applied, and the discharge current traces were logged. From this data two parameters were determined: rms values of the discharge current and its spectrum. As it is seen from figure A2(a) , rms values of the current are uniform over a wide range of frequencies. With the increase of the modulation voltage, current response remains flat. Fourier transforms are shown in figure A2 (b). For this case, the modulation voltage amplitude was 30 V peak-to-peak. As one can see there are no additional harmonics. Even though, there is some broadening at 11 and 13 kHz, it did not affect our measurements. 
